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Aspart.ofanapproachtoa betterunderstandhgofthemotionof
realfluldsinflowmachinery,tam—dimensional,incompressible,non-
viscoushearflowsina 90°elbowhavebeeninvestigated.Solutions t ‘“-
arepresentedforlinearandsinusoidalv&c&ty distributionsacross
theInletoftheelhw. ThesolutionswithMnesxinletvelocitydis-
tributionsindicatethatasthenegativemrticityofthefluwticreased: -
..-
(1)thestatic-pressuredropthroughtheelbowdecreased,(2)thelocal
decelerationalongtheouterchannelwallsincreased,and(3)theq-
nitudeofthevelocitiesonthechannelwa13schanged~eatly,butthe
lkl pressurecoefficientroseonlygraduallyandthedlfferenc@h
pressurecoeffickntatctiespondingpointsonthetwowallswasprac-
ticallyunchanged.U thecaseofa sinusoidal.inletvelocitydistri-
butionlocaldecelerationsccurredonbothwalls.
.
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Aspartofana~roachto a betterunderstand3agofthegmtionof
realfluldsinflowmchinery,two-ddmmsional,ticcqpressibk,non-
.-.
.
viscoushearflowsina 90°elbowhavebean”tivestlgatedattheIWCA
Lewislaboratory.Fcmreal,ViSCOUS fluidstheveticitydistribution
upstreamoftheelbowIsmnunifmmandthereforethefluidmotionis
rotational.Suchrotational,orshe=,flowscandevelopbothnormalto
andintheplaneoftheelbow.~ thesheerflowdevelopsnormaltothe
plane,sothatthevorticityvectorsareparalleltothepkuie,three-
UmensionalsecondaryflowsdevelopIntheelbow(references1 to3).
U?,however,theshearflowdevelopsIntheplaneoftheellmw,sothat”
thevorticityvectarsarenormaltotheplsne,theshearflowremains
two-dimensionalandintheplm.eoftheelbow.Itisthislattertwo- .-
dimensionalshearflowthatisinvestigatedh thi~repmt. Thepurpose “~.
oftheinvestigationstodeterginetheeffectsofthistypeofshear
flowonthevelocityandpressureMdmi.butionsh a 90°ellmw.
~--.
. .
Tkm-dimensionalpotentialsolutionsfortiotaticmalf owinchan-
nelsarewelllknown(references4 and5,forexwipl.e),andsolutionsfor
. .. .
,—.-
I
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two-dimendmalshearflow*out Isolatedbodteshavebeenobtained
(references6 and7,forexample),butnosolutionsarelmownfortwo-
dimensionalshearflowinchannelsl Inthisrep* suchsolutionsare
presentedforInc_essibleflowina 90°elbow.
Althoughtheshearflowisconsideredtohavebeengeneratedby
viscousforcesactingonthef~uidupstresmoftheregionofturning,It
IsassunedthatintheImmediatevlcini.tyofthereglaofturning,
wherethesolutionsareobta$ned,thetiscotiforces=e smallandcan
beneglected.Solutionsareobtalmedfcmtwotypesofvelocitydistri-
butionqpstresmoftheregionofturning:linearandsinusoidal&Lstrl-
.
-.’
..-.
.
.
.—
butionsl ~ Stie8Jld-S and the Vd.Ocity and
thesesolutionsarecmparedwiththoseofthe
reference8.
METHODQFMUIXSIS
~essuredistributionsf —
potentialsolutionfrom
------—
— -—
TheMfferentialequationforthedistributionofshearflowh any ~““ -
two-dimensknlalchannelisdevelopedfromB&noulli’sequation,andfrom
theequationsofmotion”andcontinuity.Theflowisassumedtobe : . -“;“.:
ticcxpressibleand“rionviscous.
Equationsofmotion.-Theequationsofmotionare ...=—.-
.-
— . ..-. _ -
@P.u*+.-v* (i- ‘“-:-=
-pa
(lb)
.
.
whereg 3.s
dendty; p,
andu and
theaccelerationduetogravltyj p,thefluldweight
thestaticpressure;
.-
x and y,CartesimCOOIMlI18teSj
v,thevelocitycomponentsinthex-ti y-directicmsj -=.-.
respectively.-Ml synibols&e d-&.nedinappendix
madedimensionlessbymessing themasratiosof
tities
where
across
inthefolldilngmanner:
p- P :,.
.n_
2“
%#
““(lC)
—-
~, 8V isthearithmeticaverageoftheres.ql~tvelocityq
thechannel-t, duwnstresmatinfinity.
.
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.
( ld)
wherewe istheWlathofthechannelat theexit*
(U*~)2Afterdivisionby & equations(la)and(U) becomeh
dimensionlessform
ap au
-x “2U=+2V3
‘13equatim.
.
.
W- h
Bernoulli
of h to
istheBescnoulli
Constazltsmade
F’:$! -
—
a ratioof q to Q,av.
a? avx .2u=+2vg
- BernouUi’a equakion-“states
P 2=h
-+ +PK
(2a)
(2b)
(3)
constant(constantalonga streamline). The
dimensionlessby ~ressingitasa ratio
thevelocityis~essed
Thus,
nonMmensionallyas
(3a) ‘“
(3))
Equation(3),hamimgbeend.ivldedby ‘~~av~~becom?s,h nonMmen-
. Sionalform, GS
P+ Q2=H (4)
l
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f Orm
Continuityequation.
becomes
-Thecontinulty equationIndimensionless .-
. .
..
-- .
(5) ‘
Equktion(5)issatisfLedbya streamfunctionV,whichisdeftidby
thefol.low3ngrelations .--1
..
(6a)
Also,fromequation(6a),inthedirectionf N
(6b) “- -
where H is distance”(dimemlonless, qessed asratioof We) along ..
theouternarmaltoa streamline.. -
IF+
Fran
and,
Dlfferentlalequation.-I%omequation(4)with
$
equations”(2a)and(7a)
similarly, tiome’quation6(2b)and(7b)
BecauseH isa functionof ?!only, ‘“
. ..- . ....-
Q2 written8.S
..-...— .-.. —
(7b)- ““--: ‘-
-----
(*) “,.__.-:
(m) ‘“
-- .- -=.
(ii) ““- “-”-‘
4
.-
5
.
lUCATN2736
Fromequations(6a),(6a),and(9a)
+
a%
SF
(9b) ‘
(lo)
Eq,uation(10)istheclifferentialequationforthedistributionofthe
streamfunctionina two-Mmensionalchaanelwithshearflow.Equa-
tion(lo)canaMo be derivedfromeqyations(6a),(6b),and(%). .
Vorticity.-Thevorticity&joftheshearflowisdefinedby
(U)
whichfromequation(6a)becomes
ll!hus;-timequation(10)thevorttcityisequalto -# & whichIs
constantalongstreamlinessothat
But,becausetheflowisparallelattheinlet,
(Ida)
andfromequation(4)with PI constant
2Qi(%),=(a
sothat,afterIntroduction ofequation(6b),eqkion (ha)becomes
.. .
.
l
(m)
6Therefore,thevorticityata petitona streamline
flowfieldcanbedeterminedbyequation(llb)frcau
clientormaltothestreamlineattheinlet.
METHC%OW SOLUTION
l?ACATIV2736
. ..—
W-e inthe
thevelocitygra- l
l
. .
ThedAff&entialequation(10)wassolvedbyrelaxationmethdsfor
theexeqplesofthisreport.b ordertofacilitatehesolutions,tie
flowfieldintheXX-planewastransformedontoa fieldthecoordinates
ofwhicharethestresmllues andvelocitypotentialMnesfarfiota-
ti.onalf ow.
llranefwmationof,coordinates.-Forirrotatlonalflowthestream
functionandvelocitypotential,~ and ~ respectively,aredefined
by
(12a)
where the mibscr~to indicatesirrotatlonalflow.Also,.framequa-.
tlon(12a),inthedirectionf HO and So -
where
isthe
lines.
?+
d 9_=&
o “ alto (m)
.- ..—
.-
~
.—
. .
+-
.
-.
.
,-r
~ istheresultitvelocityfcmirrota.tional,flowW wheieS . ‘..:
distance(dimensionless,~ressedasratioof we)alongstream-
Fromequation(12b),if q iszeroalongtherightchannelwall
whenfacedb thedirection of flow,q is1.0alongtheleftwall .
(becauseQ
Y
and M are1.0attheexitof.thechamnel,downstream ““ :
at~inity . Thus,because~ extendsfrom“minusto@us infinity,
theflowfieldinthe~~-planeisaninfinitestripofpnitwidth. ... --
onto
Differentialequation.-TheMfferentlal.equation(10)transfmmed
the~~-planeb comes(appenddxB)
Velocityccuqponents.-Thew?locityQ - its
%!sti:llut:oX/o
th
a-;)respectivew’‘e
Q-m
-. (1.q ‘
—
cmponentsQ~ and
obtainedfromthe ... -.’
.
*“
“(148)“=’-“-‘-”--‘-“
....
—
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.
m
where
.
(14b).
(14C)
Thevelocity ccnqponents U and V arerelstedto Q
~~~by
(appendixC =d fig.1)
U=Q ~S~oE -~Bh80
V- Qpi Iin Oo.+G+cos e. -# }
(15)
where e. is thelocal directionforirrotationalflow(fig.1).
Boundaryconditions. -ThestreamfunctionY isconstantalong
eachofthe~ . If w iszeroalongtherightwall (q=O),
then V is1.0alongtheleftwall (qIE1.0),becausefromequation(6b)
andfrcmthedeftitio~of Q
11.0 ..A!y. QdN-1.Oo
..-
.
.
acrossthe channel attheexit downstreamtMinity.
XII theory the flowfieldextendsto ~ inthe&&ectionof & In
b practice,huwever,therelaxationsolutionsconvergetoessentiallyuni-
formflowconditionswithdna reasonablyshortdistancefrcuntheregion
ofturning.
Relaxationsolutions.-Then-ical exa@.esweresolvedk the
~q-planebyrelaxationmethods(references4 and9). A squaregridwith
a spac~ of1/8wasused.Thefirstexamplewassolvedusinga three-
pointsystemforc~utimgthederivatives,andthevalueof ~ ateach
gridpointwasrelaxed to a unitchangeinthefifthplace.Thesecond
-~ ~S solved USing a five-petitsystemforcomputingthe&erivatives
andthevalueofW ateachgcidpointwasrelaxedtoaunitchangeti
thefourthplace.An investigationoftheerrorsinvolvedinthetwo
methodsofapproMmationtothederivativesshuwedcomparableaccuracy
forthetwosolutions.
8, lMC?ATN2736
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ITUMERICALExAMmEs““-
. . .. ..-
...-.,,-
Thecharnelinvestigatedbythetwo~ical -ks inthiS- ,,-,“ ::
3?eP~tisthe90° elbow{89. 36°) d reference”8. m eIbow“*sdek:gne~.... ..P ~
inreference8 fortioqressible,potentialf owiitha ~escr~bed ---‘-.-,:--:
velocitydistributionthathasno”localdeceh”rationsalongthechannel -. -:-~
walls.Thetramformedcoordinates~,q - thevaluesof ~ .—
requiredforthesolutionofequation (13) are tabulatedinreference8.r 4..—
—
IWunericalExa@.eI“” . e- ..— -..
. . .-
— .- —
Inletvelocitydistribution.-Inexaiqpl.e:I a lineardistribution
.—.-.
.
ofvelocityacrosstheinlet
—.
wasprescribedsuchtjhatthevelocityQ .—
variedfrom0.25on@e innerwall(wall.with-- radiusOfcurvature - .:
andatwhichq isO)to0.75ontheout6rwall (q e@als1.0). ...
(Seefig.2.)
ForthiSinlet
(appendixD)
Thus, -----
Qi = 0.25 + 0.50, Tli “(uk) ““” ““
.
. .
velocitydistributionthe.distributionof H is -..—,..—_-
.
. .
H“~+; “’ .._
where 9 istheuM.&Iu’Yvalueof Hthevart cityofthes- flowbecomssalongthe inner wall.!@erejhre, l.—..-
1:
-- 4.
sothatfm a linearinletvelocitydistributionthe
whereconstant(andnegative)inthechannel.Also,
velocitydistributiongivenbyequatiou(Ma)_i$can
(appendixD)
vi= 095(Ti+ qi2)
we= 0.875qe+ o.125~~
and
G& -0.875 “+ 0.25
Theexitvelocitydistributionscaqpared
infigure2.
.
~e”
vorticityisevery-
forthelineariDlet, 1...~
be.shownthat - .:
----
. (ml.)
,..:
(166) -
.-
(16f) “-””-.““
withtheinlqtdistribution.. ,.-.. .~-,ti
,.
.
.
. .
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Stzwmmles. - ~ figure3 thestreamlinesfortheshearflowof
l
-~ I ~e pres~tedm thePhyshalXY-Plane withthe ~,q ~id
systemsuperposed.ThespacingoftheStreamlines decreaseslinearlyat
bothtit andexit,Indicatinga Mneerl.yincreasingvariationi
.
velocityatbothpositions,becausethespaciagofthestreamlinesi
tiverselyproportionaltothevelocity.Thevelocityismorenearly
uniformattheexitand,therefcme,attheeudtthestreamlinesV of
theshearflowsreclosertothestreamlinesq ofthepotentialf uw
——
thanattheinlet.
Velocltydistribution.-IJnesofconstantresultmtvelocityQ ““
are presentedillfigure4. Thevelocitycomponent~ normalto
potentialf owstreamlines isshowninfigure5. m; WlocltyComponemi
isrelativelysmallthroughoutthechannelanddisappearsupstieemand . }
downstreamoftheregionofturningandalongthechannelwalls.TWO
pointsofrelativemsximumoccur.
.-.
ThesePointsareexmtid asfollows.
-mu figure 1
%=
sothat relativemaximumfor
Sl?l(e- eo) isMaXbmml.The
(q~0.375,~S0.625)where
OndmaMmumoccru%k a region
Q Sill (e - eo) (17)
~ OCCUI?whent~ productof Q and -,
firstmaximumoccursIna region
(6- eo) islarge(fig.3)andthesee- ,
(V~ O-5,~~2.75)whereQ iS ~ge. ““,~
. Thevelocitiesalongthe-r andouterwalls=e plottedagainst
~ infigure6‘foraxempleI andforthepotentialf ow.TIM~a~~ts
ofthevelocitydistributionsfarthetwotypesofflowaresimilar.
l HOWSVerJthe_tudes d thevelocity”areMfferent.Ontheout=~~
thevelocitiesforexampleI =e higherthanforthepotentialf ow
solution,whereasontheInnerwa~ thevelocitiesforexsa@eI axe
lower.Thesevelocitydistributionsre ultfromtheprescrfiedfilet
velocitydistributionwhich,asb.dlcatedby eqpatim(llb),prescribes
thevorticityhroughoutthechannel.ThustheCirculatkmsroundany
closedpath,whichcticulationiszeroforpotentialf ow,isequalto
& whereA istheareaoftheregionenclosedbythepath.This
~ession forW tictitionCOI=Sdirecw.yfmm st0ke8~theor~SZM3‘
equations(5)and(XL). Althoughnolocaldecelerationsccuralongthe
chsanelwalll.sforthepotentialf uw,a .sMghtdecelerationoccursalong
theout=wallfm thesheerflow,exe@.e1.
.
.
ThepressurecoefficientalongtheinnerandouterwallsfoY
-~ I ~ forthepotentialf owarepresatedinfigwe 7. me
pressurecoefficientisdefinedas
-.
. . ..
,.”.. .. .
..-
.. ...L
._-----
.-
..-—.
,.
(1.q
.
.
10
The
but
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pressurecoefficientforexe@e.I isgr-teralongboththeinqer -;
outerwallsthmialongthecarrespondlng‘walls‘forpotentialf ow, s
thedLH%renceinpressurecoefficientsonthetwowallsatcorre-
spond- valuesof ~-isabout hesameforbothtypesofflow,bii-
catingthattheturningangleofthemeanfldwisabouthesamb.ItiS
interesting to note that for exsaple I Intheviclnltyof ~ equals4.5
thepressurealongtheouterwa~ islessthemalongthetierwall,
thusIndicatinganoverturrdmgoftheaverageflowjustaheadofthis
region.Theexit~essurecoeffIcientisgreaterfarexanpleI thanfor
thepotentialf owsolution,ticatlnga smallerpressuredrq through
theelbowforshearflow.Physically,thissnWllerpressuredropfor
-k I Isex??l.a~dbythefactthat,becauseofthenonunifmminlet
velocityforexample1,theaveragevalueof Hi (equation(4))mustbe
greaterforexw.qpleI - forthepotentialf owsolution.Butthe
MnearexitvelocitydisizributionforexmqpleI ismorenearly11.lce-t
forthepotentialf owsolution(fig.2)j and, therefcme,becausethe
averagevalueof H ishigherforexample1, Pe isalsohigher.
Inletvelocitydistribution.-Inexaqpl.eIIa sinusoidald stri-
butlonofvelocityacrosstheinletwasprescribed(fig.8)suchthat
thevelocityQ iszeroonbothwallsandthearithmeticavcs?agevalue
of Q is0.5(sameasexeqpleI). Thus,
(Ma).
Thissinusoidalvariationi velocityappromtesthepmibollcdistri-
butionforfullydevelopedU@nar flcniIna straightductwl.thparallel
walls.Fortheinletvelocitydistributiongivenbyequation(Ma)the
distributionof “H“is(appenMxE)
(l%)
Therefcre,thevortlcityoftheshearflowbecbmes
(19C)
sothatfora sinusoidalinletvelocitydistributionthevorticityiSa
linearfunctionof W. Klso,forthesinusoidalinletvelocitydistri-
butiongivenby equation(19a)Itcanbeshownthat(appendixE)
(19d)
..<
r
.-
-. .. . ..-.
.-
.-
.-
.
—
—.. .
.- . *.-
.
,“
.
—
-. .-.
.:
. . 7
—-—
.
----
.
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TheexitvelocityMstributkmis
b figure8.
~e+Cos #qe) (1.$lf)
coqparedwiththeiml.etdistribution
Streamlines. - Thestreemldnesof-1.e IIrarepresentedinftg-
ure9. Aneddyhasformedontheout=wallandextendsfrom ~s -7.25
to E ~2.0. (Intheorythiseq extends~streemtobus infhl.ty
butbecomes~emely narrowsothatwithtitheaccuracyofrelaxation
methodsitdisappearsat ~~ -7.25.) Tkb eddyoccurs”because,asIn “.
_le 1>thevelocitydeCd?RteSalongtheouterwall.Becausethe
velocitywastiftlallyzeroatthiswall,theflowtherefaereverses
itselfandaneddyIsfOrme& T&ee stagnationpointsoccurforthe
eddy:twoontheouterwall(onedownstreamtimfimi~,theareticald.y,
andtheotherat ~ approximatelyqualto2.0)anda thti Inthe
centeroftheeddynear ~S -0.375.Themaxhmmvelocitiesoccurnear
thecenterofthechannelasfndicatedbythenarrowspac~ ofthe
Strewllllnes.
.
.—
Velocitydistribution.-ties ofconstantresultantvelocityQ
. arepresentedk fIgure10. Thevelocityc~onent % ncwmaltopotentialf owStieRIIihES is showninfi@re11- ThiS distributionof
.
%!
appearslmtlartothatfor_le I (fig.5). Huwever,themag-
tudesof ~ aregreater-in-le ~ andbothposittveandnegative “
tiuesexist.A minimumpointoccursat ~ ~ 0.375,q z 0.250anda
~um at ~s 2.750,q sO.625.Asforexemple1,thesepointsoccur
forreasonsalreadydiscussedb connectionwitheqwtion(17). TMS
velocitycomponentchangesignbecausetheangle(6- 6.) (seefig.1)
changesignasindicatedh figure9 -e thestresmklnes forthesheer
flow~e inclinedtuwardtheinnerwallwithrespectothepotential
streamlines(constantq) intheftisthalf.oftheeilhuwandarein
.—
inclinedtousxdtheouterwallinthesecondhalf.A Mne ofzero%occursalongwhichthestreamlinesforsheerflowareparalleltothe
Streamlinesforpotentialf ow.
Thevelocitiesalongtheinmr andou@rwallssreplottedagainst
t tif- ~ f= _le II&ndf~ thepOtentl&l flOWSOIUtlOn. For
the shear flowsolution,thevelocitiesohtheinnerandouterwaX1.scon-
vergetozeroupstreamatinfinity.Asforexzu@e1,theflowdeceler- “...
atesslightlyalongtheouterwallupstreamoftheregionofturning,but
unllkexample1,a largerdecekationalsooccursalongtheinnerwall
inthedownstreamhalfoftheelbow.
12” IMCATN2736
.
Thepressurecoefficient(P-Pi) domgthehnerandouterwall,s --
-fatexsqle11andfm thepotentialf owsolutionarepresentedtifig.
ureM. Thepress~ecoefficientforexa@e IIconvergestozerokr- ..-
therupstreamoftheregionofturningthanforpotentialf ow.For , .,.. ..=
reasonsaheadydiscussedunder_le I theexit-pressure”coefficient
isgreaterforexaqleIIthanforthepotentialf owsolution.
.
SUPERPOSITIONOFSOLUTIONS .-
Thesolutionsforexa@.eI andforpotentialf owC= be co?ibined —
inlinearcaibinationsusingtheprincipleofsuperpositionofsolutions.
InexampleIItheprinciple.ofsuperpositionofsolutionsdoesnotapply,
becauseforthissolutimtheright-handsideofthefldweqpati.cm(10)
isa functionofthedependentvarldil.eV.
Pureshear fluwforexampleI.-TheSt?%smlinesforpureshear
flowa&eobtainedb libtracting streamfunctionforpotentialf ow 1
fromthatforeXtUrIP~sI.ThusthepureshearfluwsolutionistheSOIU- ,-,,:
tionforwhichthenetmassflowfrcxnwalltowallacrosslinesofcon- .-
stant~ isequaltozero.~ StreEUUfunctionforpureshe=fti is - - ‘:
zeroonbothwallsandnegativethroughoutthechannel.Linesofcon-
stantp~c’entaged.@ird.mumstreamfunction~e pesentedInfigure14.
TheinletvelocitypraPilefcwthepureshearflowisld.nearvarying ...—.—
frcm-0625to0.25.VelocitiesarenegativealongtheInnerwalland . ! -~:.
po8itivealong~ .outezwall.TheaveragevelocityacrossanyIlneof -” “
..——
constant~ iszeroandhericetheflowisaneddyoccupyingtheeqtire ~ “,,~
chlmmel. ThestreemMnesallbeginandend.atthehletj the zero
streamlines(walM)extendinfinitelyf&rdownstream.Thepureshear ..-.
fluwhasnoimportantphysicals~icence aidisofinterestonly . ....l
mathematically.Thesolutionc&respondstofluldmotionh theelbow,. ‘~-,,,~
withzeroaverageflowra~ butwiththeeIbtirotatinginitsplane
witha constantangularvelocityequaltoOIIS:halfthevcrticityof .
~~ IS
. ..-
—.-
Soma%%+%”
- If25@rcent,”forexaiuple,ofthepotential flow: ...-.
d o thepureshearflowjustdiscussed,thecaseofa .—:
separatedflowontheimerwallupstreamoftheregionofturningis
obtained.Thestreamlinesforthisflowarepresentedinfigure15. The - -
separatedflowupstreamof.We regionofturningisforcedtoreattachby
theaccelerationoftheflowthroughtheelbow.Thesolutioncanalsobe -.
reversed,inwhichcasetheflowentersattheendwithsmallercross .—-------.
section;andthesolutionInfIgure1.5showsflowseparationresultlng
fromdeceleration.Thus,someaspectsofboundary-layerb haviorcanbe
demonstratedby sheex
immediatevicinityof
ffiw”solutGs
thesolution.
that ignorekc&s forcesInthe —
l
...-.
.
. . .
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Vsriouspercentages ofpureshearflow.-Thepotentialf awsolu- .,.
. tionwasaddedtovariouspercentagesofthepureshearflowsolution,
resultingh theinletvelocityprofileshownh figure16. These .-
.
velocityprofilesareforflowswithvar@.ngamountsofvartlclty.The
velocitiesalongtheinnerandouterwallsareshownb figures17(a)
and17(b). Thevelocitiesdecreaseontheironerwa~ endIncreaseon
theouterwalJ.asthanegativevorticityincreasessothatthecurves
farthehner andouterwallscross.l?egativevaluesof Q alongthe .“
_ =1-1WOUld indiqate thepresenceofa separatedflow~@on on “””“,
thiswall.Thedecekationbefaceturnhgbecomesmcmepronouncedas
thenegativeVorticityincreases.
Thepressurecoefficient(P-Pi) alongthechannelwallsis .,
showninfigwe lS. Thepressurecoefficientalongeachwallincreases
asthevorticityincreases.As a result,thestatic~essuredrop
throughtheelbowbeccuneslessasthepercentageofpme rotationalf ow
-.
becomeslarger.Thereasonsfm thisbehaviorhavealreadybem dis- - -
cussedunderexsqpleI.
The&Lfferenceinpressure coefficientacrossthechamielatany
I.lneofconstant~ istily thesameforallthecasesconsideredin
figureM. Thisfact1sshuwninfigure19wherethedifferencein
pressurecoefficientA(P-Pi)isplotteda@irMt f.
suMM#RYOFREsmqs
l
A methodofanalysisisdevelopedfcmtwo-dimensionals- flows
inchamlehofarbitiarySk= l Soltilonsweredbtainedfacshearflowsb b a 90°elhuwithllnearandsinusoidalvelocitydistributionsacross
the5Jllet. Several~ cmibktionsofthepotentialf owsolution
andthasolutionforlinearWt velocitydistributionwere~de to
obtain:(1)thepureBhearflowsolution(negativeVorticity),(2)a
solutionthatisrepresentativensme respectsofthebehaviorof“a
separatedboundarylayeruuderacceleratingflowconditions,and(3)a
series& solutionswithequalincrementsofnegativevorticity.The
solutionsindicatedthat:
--—
—
—
1.Thedropinstaticpmmure acrosstheacceleratingehm
decreasedasthevorti~ityoftheshearflowhcreased.Thisbehatior
ise@lainedbytheincraasednonuniformityoftheinletvelocitywith
Increesedvorticity.
2.ForlinearinletvelocltyMstributlmslocaldecelerationalcmg
theouterchannelwELll_ased asthenegativevortici.tyoftheshear
flowincreased.However,fcmtheSiIIUSOidEllvelocitydistributionlocal
decekationsoccurredonbothwalls.
IUCATN2736
3.Fm”linearinletveloctty dtstributloW”,asthenegativevortic.
ityoftheshe=flowlncre&&ed,themagnltud6~ thevelocities 8.
increasedontheouterwallanddecreaseddn-kheinnerwall,thelocal
.
pressurecoefIcientsticreasedwadually,andthecliff~nce inlocal .
pressurecoefficientonthetwowallsatcorrespondingpointswas
. .7
...-
practicablyunchanged.
kWi.S F1l.@t~ptiioll~CO?atcu?y
HaticmalAdvisoryCommitteefor
Cleveland,Ohio,April16,
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APPENDIXA
SYMBO18
P-P~
A(P-Pi)
P
b
Q
l ~
s
u
u
v
v
w
X,Y
X$Y
.
.
The follmd.ngs@bolsareusedinthisreport:
‘ areaofregioninplaneofelbow
accelerationdueto
Bernoulld.Conetazlt,
BernoulJAConstmlt,
Umendonless, equation(3a)
dimensional,equation(3)
distancealongouternormaltostreeml.he,dbembnless,
expressedasrattoM we
static~essure,ddmeneionless,equation(lc)
15
.
.
i0c81Wessurecoefficient,equation(18)
differenceInlocalWessurecoefficientacrosschannelalong ‘
L131eofconstantg .
staticpressure,~ional
resultantvelocity,Umensionless,equaticm(3b)
resultantvelocity,dimensional
dsstalce
of we
velocity
velocity
velocity
velocity
widthof
.
almg slmeeddne, dimensionless,expressedasratio
conponentinX-tiection,dimensionless~
c~onenth X-ddrection~Um&ional
componentinY-dLrection,Wuenslonl.ess,
ccmponenth Y-directim~Mmensional
elbow,~nslonal
equation(ld)
,
equaticm ( l.d)
CartesiancoorM.nates,dimensionless,eqmtion(l-d)
Cartesimcoacdinates,dimensional
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t
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vorticity,equation(IL)
v
n streamfunction.forpotentialf owsolution,equation(Ma) ..
8“ anglebetweenX-axisandstreamllne“=asucedposttiveIn - .““.:‘K:~
counterclockwised r ction .__.— ~
t velocitypotentialfunctionforpotentZalflowsolutiohj . ----. -.
equation(12a} — .’-
.—
P fluidweightdensity
--
.
-..—.-.
w streamfunctionforrotationalf OWj”Mmenslonle8BJ ..J..-—.-
equation(6a) . w.
subscripts:
--
..
--
0 Conditions along 7)= o -..
— -...fi-
av averageconditionacrossthechsmnel
...-.___
.J
e conditionsatexit, downstreamtWinity -*
i cotitionsatinlet,upstreamatinfblty .
Illlnilm.ml -...,— -—
.
0 conditionsimpotentlilf owsolution ..--
7. componentin~-dlrectlon . ----.— . - ..----
t componentin~-direction”
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~ON CXE’D~ IKGECJIATIONOFFLOWFROM
Bydefinition.~ and q satisfytheCauchy-Rienmnndifferential
equations,equatf~ns(3,28),sothd .-—
.
Inordertotransform
relationswereused
(Bl)
thecoordinatesofeq-tion(10),thefollowing
... .
(M)
.
IA
where .—.
Q02=U02+V#
Eqyation(13)isthedifferentialequationof
NACATN2756
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DERIVATIONFEQUATIONSFORRESU15MNTVEIMXCY Q AMOITS
Commmm Qp C& u,Am v
Thederivativesof ~ withrespecto t and q expressedin
termsof X and Y aregivenby
But,Itcsnbe shownthat
ay cos 00
2Ej=~ )
sothatfrcunequations(6a),(Cl),and(C2)
}
(cl)
(C2)
—
(C3)
.-
aw sin90 Cos00
q =v— Qo
+u— Qo J
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.
Franf@ure2 itIsseenthat
Q~= Q cO@-@o)
= Q(cosG COSe.+
=U Cose.+“Vsin
6$= Q Sti(e-@o)
= Q(Eine COBe. -
=Vcoseo-usi.n
Finally,fromeqpations(C3)and(c4)
.
sti aSiIIeo)
e.
sin 130cos e)
(30
Likewise,fromequation(c4)
U=q coseo-
E ~ sine.
v= Q~8i32eo+~c0f3eo }
8 “J
-.
.
(C4)
(14b) ‘
(14C) ‘
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(15) “
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IHIETANDEXZ!2CONDITIONSF0REXAMPIE I
Attheinletoftheelbow,upstreamat~lnity,~ 1sl/2,
~ ~IsO,Qg iseq,, to ~, ami V isa functionof q only,so
thatframegpations(14b)ti (Ma)’
?F~= o.5(qf+ @ (16d)
Also,attheinletP Isconstantand H and Q arefunctions
of ~ only,sothatfromegyation(4)
and,therefore,frcymequation(Ma)
.
-,
orfrom
At
r%J %.=2J0%,0
Hi= Hi,0
egpation(16d)andthe
(0.25+ 0.50@ 0.5dqi
+ 0.25(qt+ qi2)
factthatH Isa functionof ~ on@
H=~+f
the.exitoftheelbuw,downstreamtinfinity,
f+ is O,Q~ is equalto ~, and IFisa functionof
Therefore,fromequation(13)
.
()d% .1~ez
(Mb)
~ is1.0,
~ only.
.—.
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which,sf’terintegration,becomes
-.-
Ye = 0.875qe+ ().M51=2
Therefore,fromequations(14b)and(16e)
~ ~ 0.875+.0.25 qe ‘“, “
(16e)
.
(16f) ““” “-
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#
Attheinletoftheelbuw,upstresmatinfinity,~ ts1/2, .
Qn isO,Q# isequalto~,and Wisa functionofTIonly,so - -
I&t h= e&ations(14b)and(19a)
“rm.=*ristiqi
lr~=+(1-COSJqi)
AbO , at the idet P laconstantand H
of q oni.y,sothatfromequation(4)
and,therefore,frmhequation(19a)
rHi
23
(19d)
and Q arefunctions
JHi,o - iJo
4 =%,0 + (;)2 sin2 Yqi
orfromeqpation (19d)andthefactthat H isa functionof V only
fizH=~+~(W-q2) (Mb)
Attheexitoftheelbuw,downstreamtinfinity,~ is1.0,
q isO,Q
!
isequalto & and
Therefore,romeqpatlon(13)
V is“afunctionof q only.
.
YC2J(2*
—-—84
.
.
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which,after,integrationbetyeenllmtts,becbmes
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(We=;1 - cos 3= +sin-~e) (19e) - ~-”=
Therefore,fromeqpations(14b)and(19e)
Q8=~(sfn~+c08
1.
2.
3.
Squire,”H. B.,andWinter,K. G.: The
ofAirfoilsina IVonuniformStream.
no.4.April1951,pp.271-277.
-.—
-——.
$e) (Mf)
. —. .=
. ..”.. ..
SecondaryFlowina Cascade ,..:=-#“-:=“:
“Jour.kOo Scia,VO1* ~, .-.-.. :
HawthornG,WLlliamR.: SecondaryCirculationinFluidFluw.
.
,.Gas““ -%,_,
TurbineLab. M.IoTo,My .1950. -,, -
&onauer,RichardE.: ,.s.eco_ FlowsinFluldDynemics.natt ~ - -.,. ,.:~,:.
WhitneyRes.Rep.-No.132, GordonMcXkybb.,HarvardUniv.,
April1851. ‘ ,.--—-. !’,-
..
Emmons,-~d W.: The“_ric81 &ltiion,ofC-ressibleFluid ..;,’ “*
—.-r4.
Fhw Problems.NACATN932,1844.
— r
5.Green,J.R.,andSouthwell,R.V.: RelaxationMethods@lied to
EngineeringProb-..IK.H@&Speed.FlowofCmqressibleFluld
Througha Two-IMmensionalNozzle.Phil.J!rans.Roy.Soc.
(kmdon),ser.A,vol.239,1946,pp.367-386.
6.Tsien,Hsue-Shen:SymmetricalJoukmskyAirfoilsinShearFlow.
Quart.Appl.Wth.,VO1.1,IiO.2,July1943,”~m MO-148.
7.James,D.G.+ Two-DimensionalAirfoilsin.ShearFlow.1.Quart.
Jour.”Mech.andAppl.Math.,ml. ~, pt.4,Dec.1951,pp,407-
418.
8.Stenitz,JohnD.: Design.ofTwo-DimensionalChannelswithPre-
scribedVelocityDfstrtbutlonsAlongthe,C_~ Walls.,I - . ;-
RelaxationSolutions.NACATN2593,1952.
9.Southwel.1,R.V.:
ClarendonPress
RelaxationMethodsinTheoreticalPhysics.
.
.—
:
-- _
.-. ,.-
. --. J
.
.
.- ..._
+-
—
..-. r
— - -—
.- . ....-.
..- - -.-.—
.. . . . -.*
=
.-
(Otiord),1946. ““- - .,-......-. .-.”=.-
.
--
.
.—.
, *
Y%Q
x
Yigz=
F@re 1. - velocityVectal’di.agrml.
1
\ I
lMol
26
1.2
l.a
.a
Q .6
.4
.2
— ..- . . .- . . . ..-
lUICATN2736
_-
.-
-. 1.
.2
*
.4
I I I I
0
Figure
T.
2. - Inletandexitvelocity
.6
forexemple1.
. .
—
s.- .
.-
W
.
.
0
--
.
.—
.—
.
IUU2ATN 2736 27
1 I i I I I I I 1 1 1
n
1.
.
.
.
- s.-StEOMM181f= ~la I. ‘“”ruw—n—n
.
1 I I 1 1 1 [ 1 1 ~.
..
—. --
..-
I I I I I I 1 I 1 I I
n
1.0 e
o.
.76
!
“=%=0.
MgUr94.-Linu OrOautmt Q
,
.
.
-s
=.
.
.
.
.
I t 1 I I 1 1 I I I r 1
.
.
lMCATN2736
.
.
*
.
m # , t , # ,
#
n
l
29
.. -. .-
‘. ..-=
. .
. .
.-
,
..—
.
. . .
. ..
,
..
“-.2
..
-“”- .--”-,
.
“
.
1.
: ‘“l ~~~~
— ~le I
.-—. PotentialKlon
.. 1.
Ilmcrml
//-- /.— —-—,,/
00/
a –
/
/
e .6- /,/ //
/ ,0
-— —-. —_ —dL_—___ /— ---- —-—----- .
4–
! ,.
.
.T . . .
.
,.. i .-, ,
, . , ,
.
.4
a
-. 4
-. m
-. f
-1.(
— ExhmPleI
——. — P0t9nti41flm
\
\
\
\
‘\\
\
\\ \ \
~-
\
.———————-——-.—————-——. .
I I I I I
o 0 1.0 ,?.0 S.o 4.0
~
j.,
j.””, ,1 “:.
,, .,, ,.
,- ,.,
,,, ,,, . .1.
32 ‘
.
1.
1.
.
Q
.
.,
.,
Q=
—
—
-.
I I
.x .4
.-
.6 .8 1.0
.
l
*
.
?
Figure8.- JzU.etandexitvelocityprofilesfa example11.
.-
.
“
NACATN2,736 33
l
~staglutfln*t
1.0
A 1 .
A.uH I .. I
. ,“ 87B 1 1 1
I
6+
.m
! I
I
SI$
I
t
I
I
I
1 1 L
.—
.m 1$ J
v I
! t II 7727=%K?R
0“ .6
—.
~“ t ‘-- K,x-c%iv
-’s7-
s.(
. “E!4.0
* ld-
.-
.—
-.
. .
.-
34
.
NACATN27S6 .
I
.
( 1 1 , 1 1 I 1 1 1 1
1? r-”-”- -
11.0 I e
.-
1 I f I 1 ~.
a.o’
.. .,+,. , .-.-
-* ,
. . . .
. . ..
i
r
..
*
.
.-
.
9
lhlCATN2736
.
35
-.. —
..
I # 1 1 I 1 1 1 1 I I
1.0 -.
.75
.
o
v“\A”Yk-K K2
.
;.
.
. .
I ‘“ .:--=
.-
1.{
1.:
1.[
.[
Q .(
.4
c
— ~le IS
—-- - Pohntial fla!
-. —-- -— —--- -- —-— -—-—- -
# ~=— —-—---
0 /“
.“’
InnOr wall /’
.,/
/
/
,/
//
.—-— —— -
1 I I
0
I I
1.0 2.0 !5.0 4.0 5..-
t
*
mJLra le. - VOlaoltla almg i- Uld Cdar walls for aaqle II and pat.anunlrlw lolntim.
)
,.
r ,
.
*-
1
PI
-’
—ExaDple II-—.. Pot,ntlal rlw
I I I I I I
,0 0 1.0 Q.O S.o 4.0
t
=!!%=
meura ~. - Pramum Ooerfldant Slcmg inuerand afar Wmlln m? Uu@m II ad @antld rum mlutiun.
.
-
.
,.
.,, ‘,
,.
.
,,
I ,., ,
,$ 1’
,
ii 8
NACATN273638
.
.
.—. .: .””-
-- ;:a1 1 I
n
1.0
.m
., ..+-
.::.
.; ! ,“
. - ..ii
::
:
-g.....1.....-
-:. . .
d.. --.=.-
= .“””‘“z
.-+
I 1 I I 12jgj”’, , f
o I I I
1 .6
0. c. 1.W%bw&’%
:i, : &
.-.—7
““.63
.0 -?4
..-
.
.—
,—
.
F1.wm14.-
.-
‘-YJYN%?’-‘1”“-1” 1“
. .
—
—.
—
-.. = -Ge”-“a.-
.—
~
----- ... a_.
.-—. . -
b
.
.
WACATN2736 39
w
“%EEEERL.
.m
.m 1 1 w 1
-. I I
m-
-.
. .
.
.
.
11
1
Q
-—- POtinUnl flm
——~la I
,,
d-
Pa?Oentagcof
p ShBm flal
o
——— .—— ——— ———— -———.
4—
.
0 .2 .4
n
(.s) 21ba InMt, twtromm at infinity.
I I I I I
.2 .4 .8 1
n
“+0(b)Elba -t, danet=m at lnfinltT. E
. , ,
1.4-
1.2 .
1.0–
----——— —————— —————— —— —--
//”
,/ /’
__— -/
—-—
,B-
/ _. —-
/
,//
/
Pnreentageof
Q .8- pure sham film
o
—-.——— --—-
.4- m
lw_.
—-—-
.s-
1.60 .
m
0—
—-— —POtlaltid rlw
—.—2x.U@e I
l!!
*
s!
.
-.
11
1
. .
Q
— . .
l=amentage or
p2re Brtaar rlff
i50
109
—-—- —-—.
—~
-=- —._ .
m
o /’”
.,-——--——_.-— —--——-———-—-—---—
—-—- Potential rlm
—— -e I
. .
t,
[b) CUtmr uall.
.s
m
,
. . * l , .
.4,
.Q
c
-.2
Is
1
PI
-.4
-. e
-. 6
-1.C
—
P,roaitngeor
plre shear riw
mo
——-POtentid ?lml
—-—2xmPla I
titer null
\
\
‘\
\
mwr Wdl \ \
\\
\. “—--.% ._
\
._
‘+
-— —-— -.——. -—
I I I I I
0 0 1.0 2.0 s .0 4.0
4 WL!3=’
RigIUU 18. - Pmmvm owffioient al- irmm M inter nl.in fm pomntinl fla plus variouspementagea of mm mlmm flw.
.
m
4
w
m
1
.,
.0 -
.6 -
:
1
.4 –
Pi
.z
9 -
——-— PotwltialKlm
—.—qla I
. \
%9rmntasaof -\
Qlr’a shear flm 1,
\
‘\ \
1,
\ \ \
\ \ \
h&
‘1
,- .2 I I I I I-. 0 1.0 2.0 3.0
# 4“0 W!#
‘1
I
- ~. - DifYenmoe in pr.mmw Omrrialmlt Mrmm ohuml fm potantialKlm pluo varimn peraentagm d IXRO m- flw.
:’ .
i 1’ ,,,
